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Chord-arc curves and the Beurling transform 


K. Astala and M. J. Gonzalez 


Abstract 

We study the relation between the geometric properties of a quasicircle F 
and the complex dilatation /r of a quasiconformal mapping that maps the real 
line onto F. Denoting by S the Beurling transform, we characterize Bishop-Jones 
quasicircles in terms of the boundedness of the operator (/ — fj,S) on a particu¬ 
lar weighted space, and chord-arc curves in terms of its invertibility. As an 
application we recover the boundedness of the Cauchy integral on chord-arc 
curves. 


Introduction 

A global homeomorphism on the plane p is called quasiconformal if it preserves ori¬ 
entation, belongs to the Sobolev class FF^’^(C), and satishes the Beltrami equation 
dp — pdp = 0, where /i is a measurable function, called the complex dilatation, such 
that ||/i||oo < 1- 

Conversely, the mapping theorem for quasiconformal mappings states that for each 
function p G L°°(C), |G||oo < 1, there exists an essentially unique quasiconformal 
mapping on the plane with dilatation p. 

We will often use the notation p^ and Pp if we need to specify the relation between the 
mapping and its complex dilatation. 

The image of the real line M under a global quasiconformal mapping p is called 
a quasicircle. In general the restriction of the mapping p to the real line does not 
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satisfy any regularity conditions such as, for instance, absolute continuity. As well, the 
quasicircle T = p (M) might not even be rectifiable, in fact its Hausdorff dimension, 
though less than 2 , can be arbitrarily close to 2 . In contrast, if p were zero in a 
neighbourhood of M then the map would be analytic on M, and V would be a smooth 
curve. 

The question that arises naturally when studying quasiconformal mappings is to de¬ 
termine conditions on the complex dilatation p that would reflect on the geometric 
properties of the corresponding quasicircle T = p (R). 

In this paper, we obtain global conditions on the complex dilatations p that generate 
chord-arc curves. Our approach will follow the setting developed by Semmes in [S] to 
study the chord-arc curves with small constant by applying the strong interactions 
between quasiconformal mappings and singular integrals. 

A locally rectifiable curve T that passes through cxo is a chord-arc curve if Z2) < 
K\zi — Z2\ for all Zi, Z2 € T, where Z2) denotes the length of the shortest arc of T 

joining z\ and Z2- The smallest such K is called the chord-arc constant. 

It is a well known fact that a chord-arc curve is the image of the real line under a 
bilipschitz mapping on the plane, that is, there exits a mapping p: C —)■ C such that 
p(R) = T and C~^\z — w\ < \p{z) — p{w)\ < C\z — w\ for all z,w e C. Bilipschitz 
mappings preserve Hausdorff dimension, and though they are a very special class of 
quasiconformal mappings, no characterization has been found in terms of their complex 
dilatation. See |MOV] for more results on this topic. 

The dilatation coefficients whose associated quasicircles are chord-arc curves with 
small constant are well understood. The general idea is that that if p{z) tends to 
zero when z approaches R, then one expects some close-to-rectifiable behaviour on the 
quasicircle T. It turns out that a right way to quantify the smallness of p is to consider 
the measure \p{z)\^/\y\ dm, where y = \mz and dm denotes the Lebesgue measure on 
the plane. 

Theorem A (see |AZ 1 IMc[ |S]). A Jordan curve T is a chord-arc curve with small 
constant if and only if there is a quasiconformal mapping p: C —)■ C with p(R) = T and 
such that the dilatation p satisfies that |pp/|p| is a Carleson measure with small norm. 

For arbitrary constants, this result is no longer true. In fact, if no restriction on the 
Carleson norm of |pp/|p| is imposed, the quasicircle T might not even be rectifiable. 
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though in a sense, they are rectihable most of the time on all scales. They are the 
so called Bishop-Jones quasicircles (5J), introduced by Bishop and Jones in [BJj and 
defined as follows: 

A Jordan curve T is a BJ curve if it is the boundary of a simply connected domain 
n, and for any z G fJ, there is a chord-arc domain C hi containing of “norm” < 
fc(r2), with diameter uniformly comparable (with respect to z) to dist( 2 ;, and such 
that n dflz) > c(r2) dist( 2 :, Here denotes the one-dimensional Hausdorff 

measure,and Vtz being a chord-arc domain means that its boundary is a chord-arc curve. 

The result in [BJ] states that the boundary of a simply connected domain H is a BJ 
curve if and only if log G BMOA(M^), where <h is the Riemann map from onto H. 

A BJ curve which is a quasicircle is called a BJ quasicircle. A typical example is a 
variant of the snowflake where at each iteration step, one of sides of the triangle, for 
instance the left one, is left unchanged. 

Theorem B (see |AZ1 IMcj b A Jordan curve T is a BJ quasicircle if and only if there 
is a quasiconformal mapping p: C —)■ C with p(M) = T, and such that the dilatation fi 
satisfies that |/ip/|?/| is a Carleson measure. 


Semmes proved Theorem in [S] by applying L^-estimates to a certain perturbed 
Cauchy integral operator defined by the pull-back under the quasiconformal mapping of 
the Cauchy integral on T. Those estimates were obtained by studying the operator {d — 
for a certain class of p’s. 


The operator {d — fid) can be written as (J — fiS)d where S is the Beurling transform 
defined by 


Sf{z) 


1 

TT 


fH 


{w — z)‘ 


dm{w) 


We will show that the boundedness of (/ — fiS) on a certain L^-weighted space 
characterizes BJ quasicircles, and that its invertibility characterizes chord-arc curves. 

More precisely, set If = |/: C —)■ C; dm{z) < oo|. 

Theorem 1. Let fi G L°°(C), ||p||oo < 1- Then |pp/||/| is a Carleson measure if and 
only if the operator fiS is bounded on Lf ■ Besides the Carleson norm and the 
norm of the operator are equivalent. 
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The proof of Theorem 1 involves showing the bounde dn ess of the Benrling transform 
from the space space dm^. This is a two weight problem, where 

the weight 1/||/| is not even locally integrable. 

As an immediate consequence of Theorems [T] and [B], we get the following corollary: 

Corollary 1. The curve T is a BJ quasicircle if and only if there exists a quasiconformal 
mapping p: C —)■ C with p{R) = T, and such that its dilatation coefficient p satisfies 
that the operator (/ — pS) is hounded in 

Theorem 2. Let T he a quasicircle analytic at oo. Then T is a chord-arc curve if and 
only if there exists a quasiconformal mapping p: C ^ C with p(M) = T, and such that 
its dilatation coefficient p is compactly supported and satisfies that the operator (I — pS) 
is invertible in 


We will show as part of the proof of Theorem 2 that p being bilipschitz, with p = pp 
satisfying that |pp/|p| is a Carleson measure, is a sufficient condition to assure the 
invertibility of the operator (/ — pS) in other hand, in the last section 

we construct a quasiconformal mapping that shows that the converse does not hold. 
The characterization of the quasiconformal mappings p for which the operator {I — ppS) 
is invertible in (^) remains an open question. 


Note that as a consequences of Theorems 1 and 2 we recover the result on chord-arc 
curves with small constant presented in Theorem A. For that, let the Carleson norm of 
the measure |pp/|p| be small enough, then by Theorem 1, the norm of the operator pS 
in than 1. Therefor (/ — pS) is invertible in t)y Theorem 

2 the associated quasicircle is chord-arc. 

Our next result, that will be needed in the proof of Theorem 2, gives a new sufficient 
condition for a quasicircle to be rectifiable. 

Theorem 3. Let p: C —>■ C 6e a quasiconformal mapping, analytic at oo, such that 


fc ^ r = p(M) is rectifiahle and p'\ 


e Ll^- 


Finally, as an application of Theorem |2l we will recover the following well known 
result due to G. David m- 

Corollary 2. IfT is a chord-arc curve, the Cauchy integral on F is a hounded operator 
on L2(F). 
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Our main motivation to study these questions has been the open problem on the 
connectivity of the manifold of chord-arc curves. The topology on this manifold is 
dehned by d(Ti,T 2 ) = ||log|<h'^| — log |<h 2 |||bmo(r)) where <hi, i = 1,2 represent the 
corresponding Riemann mappings from onto the domains Oj bounded by Tj, i = 1, 2. 

It was proved in [AZj that, with this topology, the larger space of BJ quasicircles is 
connected. The idea was to show that /i —)■ f/i, 0 < f < 1 gives a continuous deformation. 
One has to be more careful in the case of chord-arc curves as Bishop showed in [B]. He 
constructed a quasiconformal map p of the disk to itself such that the quasiconformal 
mapping corresponding to the dilatation ^ pp, maps the circle to a curve of Hausdorff 
dimension > 1. 

The characterization of chord-arc curves given in Theorem 2 provides a new approach 
to the connectivity problem by translating it into a question regarding the spectrum of 
a singular operator in a weighted space. 

The paper is structured as follows: In Section [1] we review some dehnitions and 
basic facts. Section [2] is devoted to the proof of Theorem [TJ In Section [3] we study 
some well-behaved quasiconformal mappings and use them to prove that the chord-arc 
condition implies the invertibility of the operator in Theorem [2j In Section 0] we prove 
Theorem 3, and describe Semmes’s approach to solve Theorem [^ We show how these 
ideas are involved in proving the other implication in Theorem [2J We will hnish with 
some remarks and proofs of the remaining results in Section O 

In the paper, the letter C denotes a constant that may change at different occur¬ 
rences. The notation A B means that there is a constant C such that 1/C.A < 
B < C.A. The notation A < B { A > B) means that there is a constant C such that 
A < C.B {A > C.B). Also, as usual, B{zq, R) denotes a ball of radius R centered at the 
point zq G C. If R is a ball, 2B denotes the ball with the same center as B and twice 
the radius of B, and similarly for squares. 

1 Basic facts and definitions 

A locally integrable function / belongs to the space BMO(R) if 
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where / is any interval and 

// = ^ ^ fiy) dy- 

If / is analytic on with boundary values f{x) G BMO(R), we say that / G 
BMOA(M^). 

A positive measure ci on C is called a Carleson measure (relative to M) if for each 
i? > 0 and a; G M, (T({tc : \w — x\ < R}) < CR. The smallest such C is called the 
Carleson norm of a, Ill'llc. If we replace the condition a; G M by a; G T for some hxed 
curve r then we say that a is a Carleson measure with respect to T. 


Let r be an oriented rectihable Jordan curve that passes through oo, and let 17+ 
and denote its complementary regions. Given a function / on T, dehne its Cauchy 
integral F{z) = Crf{z) off T by 


F{z) 


1 

27ri 


f 

JyW - z 


z^V. 


The boundary values of F± = exist almost everywhere, with respect to the 

one-dimensional Hausdorff measure R^. Denoting them by /+ and /_, the classical 
Plemelj formula states that 

Uz) = ±\f{z) + ^ P.V. [ dw, J^'-a.a. G P. 
z zttz Jy — z 


The singular integral is also called the Cauchy integral. In particular, the jump of F 
across P, dehned by — f_, is equal to /. This property and the analyticity of F off P 
are expressed in the equations: 

OF = f{z) dz 

OF = F!,xn^ + F'_xn. - f{z) dz 

interpreted in the sense of distributions. Later on, we will consider expressions involving 
multiplication of the derivatives of the Cauchy transform by quasiconformal coefficients 
H G L°°(C). Since fi is dehned only a.e., we need to introduce the notation 

F' = Xn+F^ + Xn.F'_. 

Thus, the expression fiF' is meaningful in Lp(P), 1 < p < cxd. In other words, the index ' 
will mean no distributional term. 


6 



In the sequel, if F = M, to simplify the notation we write Cf{z) instead of C^f{z), 
and we let Cf{x) stand for the boundary values, that is 

Cfix) = f±{x) = ±-f{x) H-P. V. [ dx, a.a.x G M 

2 2711 JuV-x 

In this case, the estimate ||C/||l2(r) < c||/||i 2 (iR) is a consequence of the Fourier 
transform and Plancherel’s theorem. On the other hand, for a general rectihable curve P 
this is unavailable because the Cauchy integral on P is no longer a convolution operator. 

A complete characterization of the curves for which the Cauchy integral is bounded 
has been obtained by G. David m- He showed that the Cauchy integral is bounded 
on LP(T), 1 < p < cxo, if and only if P is regular, that is, for all Zq E C and all R > 0, 
R^{B{zo, R) nT) < R. The quasicircles which are regular curves are chord-arc curves, 
and viceversa. 


Recall that the Beurling transform S is dehned by 


sfi^) = -- 




TT 


[W 


dm{w) 


The Fourier multiplier of S is thus S represents an isometry on T^(C), i.e. ||5'/||2 = 
1 2 . Moreover, S is bounded on T^(C), 1 < p < cx). 


In the study of the Beltrami equation dp — pdp = 0, \\p\\oo < 1, there is another 
operator that plays a fundamental role: the Cauchy operator on the plane T 


Tf{z) = 


1 

71 


/(W^) 


dm{w) 


JcW- z 

If / G L^(C), p > 2 then Tf represents a continuous function in C. Besides the relations 


d{Tf) = f 
diTf) = Sf 


hold in the distributional sense. 


Assuming that the complex dilatation p has compact support, the solution to the 
Beltrami equation is given explicitly by the formula 

p{z) = z + Th(z) 

where the function h(z) = dp(z) is determined by the equation 

(I — pS)h = p 
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2 Boundedness of the operator 


We begin by stating a result in |C,TSt p. 557] that will be needed in the proof of Theorem 
1. For the sake of completeness we detail its proof. 

Lemma 1. The operator K defined by 

A7W = |Im.r/' . 6 

represents a bounded operator from L^(R^) to and ||iF||(j ^2 < dvr. 


Proof. Let k{z,w) represent the kernel of the operator K, 


k{z, w) = 


\w — z\ 


z e Mi, w e Mi. 


Then, for z G 


k{z,w) dm{w) < llm^l^'^^ 


dm{w) 


'\w-z\>\lmz\ \U! - 


= \\mz\^^‘^2TT / r ^/^(ir = 47r. 


' Im 2: 


and therefore 


Similarly, V w G Mi 


and 




||i^/||oo<47r||/|U. 
k{z, w) dm{z) < An 

/ k{z,w)f{w)dm{w) 


dm{z) 


— / l/('^)l / k{z,w) dm{z) ) dm{w) 


< 47r||/|| 


1- 


The lemma follows by interpolation or Shur’s Lemma. 









Before proceeding to the proof of Theorem [T], let us recall its statement. 


Theorem 1. Let fi G L°°{C), ||/i||oo < 1- Then the following eonditions are equicalent: 

(1) u = dm is a Carleson measure with respect to R, i.e., there is Ci > 0 such that 

r lufziP 

/ — j—i — dm{z) < Cir, V Xq G R, r > 0 {y = liaz) 

J B{xo,r) \y\ 

(2) The operator yS is hounded on Lf he., there is C 2 > such that: 

jL^\Sf(ztdm(z)<c,ja(z)\^i^^ ( 2 . 1 ) 

for all (compactly supported) functions f with < oo- 

Besides the Carleson norm ||n||c and the norm of the operator \\yS\\^ 2 (drn\ are 
comparable. 

Remark. If / G (m) compact support, say / G 5(0, M), then |/P dm < 
M /c < OO) that is / G T^(C), and therefore S'/ is a well defined L^-function. 

Since a general f & L'^ (m) approximated by compactly supported ones, by the 

usual density arguments, the statement fl2.ip is equivalent to the boundedness of the 
operator yS on 


Proof. 


(1) ^ (2) Let Bq be a ball of radius r > 0 centered at a point xq G R. We shall apply 
the assumption on the boundedness of the operator yS to an appropriate function / to 
show that i^(5o) < cr. 

For that consider the ball Bo{zo, r) where zq = xq + ^2r, and the function f{z) = Xbq{.^)- 

Note that ||/||%/^n ^ r, and since 
^ I |y| 1 


Tf{z) 
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we get iSf){z) = (i^Xc\Bo(^)- 

r ~ / — dm(z) > [ 

JBjyr \y\ 


\Sf{z)\^ dm{z) 


r \^(z)\'‘ r- ^ r \tz(z)\^ 

-Jb,, \v\ - zoI- * ' ^ Jb. \v\ ' 

with comparison constants only depending on the norm of the operator. Therefore u is 
a Carleson measure with W^Wc < \\ij,S\\j^ 2 (dm\. 

(2) ^ (1) We can assume that supp(/i) C otherwise write /i = /iXR+ + /UXr-- We 
proceed to estimate when v = dm is a Carleson measure. 

For that, consider a Whitney decomposition of that is write as a disjoint union 
of cubes Qk with diam((5fc) = | dist((5fc, M),and set Q\ = \Qk- Given G denote 
by Qk{z) and Ql(z) the corresponding cubes containing 2 ;. 

We can now express ||(/i*S')/|P as the sum of the following integrals: 

^ ml 








/H 


< 


+ 


+ 


■ y L 

i- 

y j 

f 

IhWP 

'rI 

y 

f 

IfWP 

'rI 

y 


(w — zY 
f{w 


dm{w) 


dm{z) 


„eR 2 [w-z) 


■ dm{w) 

f fjw) 

'weMY\Ql{z) ~ 

f 


dm{z) 


dm{w] 


dm{z) 


( 2 . 2 ) 


'W&Q%{z) 


{w — zY 


dm{w) 


dm{z) 


— h + I2 + h- 

Let us start by estimating Ji. Since \fi\'^/y is a Carleson measure and 5 '(/xr 2 
represents an analytic function on Mi, it follows that: 


h< \S{fxR2){x)\^dx. 
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By Green’s formula, we can express this integral on the line as an integral on the 
upper half plane to obtain 


/(w^) 


{w — z)' 


■ dm{w) 


(Imz) dm{z) 


< 


< 

rsj 


k{z,w)\f{w)\\lmw\ dm{w] 


[ P dm{w) = \\f\\l 2 (dm)- 

1^2 I Im(M;)| ^ Iwl 


dm{z) 


The last inequality follows from Lemma [U Note that the comparison constants depend 
only on the Carleson norm ||i^||c- 


To estimate J 2 , write 


h < 


' r 2 y 




/H 


{w — zY {w — zY 


dm{w) 


dm{z) 


+ 


Hz)? 


1^1 y 


/ f{w)- - ^dm{w) 


dm{z) 


— h,! + -^ 2,2 


The second term on the right hand side / 2,2 reduces to the previous case. For the first 

{w — x)y 


one, / 2 ,i, note that ||/i||oo < 1 and 


= Ai- 


{w — z)^ (w — zY {w — z)‘^{w — z)'^ ’ 
Besides, for z e and w G \ Ql{z) 

\w — 'z\ < \w — z\+2y < cq\w — z\ 


z = X + ly. 
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for some universal constant Cq > 0. Thus 




'Ri y 


< 


[ dm{w) 

UlXQtiz) {w-zy{w-zy 

r I/HI 


dm{z) 


*2 \W — Z 


dm{w] 


dm{z) 


Imzl 


|/(M;)||ImM;| 

-j--1 Imtal / dm[w) 


\w — z 


dm(z) 


^ ll/lli2Mm^ 




by Lemma dJ 


Finally, to estimate I 3 , write = UQk and use the fact that S is an isometry on 

k 

L^(C). So, if Zk = Xk + iyk denotes the center of Qk, we get 


u 'J Q]c y J vd 


^ Qfc y 

-E-/ 


< 


>Ql 


''w&Qliz) 


{w — z)' 


/H 

(w — zy 


■ dm(w) 


dm(w) 


dm(z) 


dm(z) 


~ E II‘^(/Tqj)IIl2(c) - E ll/TQjIlihc) 

k k 


— [ |/(ta)Hm(ia) ~ dm{w) 

^ykJor Jr+ Imw 


, ..JQI JMt Imn; 

since the set of Q^’s are also Whitney cubes with hnite overlap. 
This concludes the proof of Theorem [H 


□ 


3 Chord-arc condition implies invertibility 

Let us recall the statement of Theorem [2l 
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Theorem 2. Let T be a quasicircle analytic at oo. Then the following conditions are 
equivalen: 

(1) r is a chord-arc curve, i.e., there is k > such that for any zi,Z 2 &T 

^r{zi,Z 2 ) < k\zi - Z 2 \ 

where (It{.Zi,Z 2 ) denotes the length of the shortest arc ofV joining Zi and Z 2 . 

(2) There is a quasiconformal mapping p: C —)■ C with T = p(M) and such that p, = pip 
has compact support, |pp/|?/| is a Carleson measure and satisfies that: 



is an invertible operator. 


Remark. Note that by Theorem [U |/ip/|j/| being a Carleson measure is equivalent to 
the boundedness of the operator (/ — pS) on Lf . We shall specify now what we 



mean by invertibility of (J — pS). 

Since ||/i||oo < 1 and S is an isometry in T^(C), the operator (/ — pS) is invertible in 
LfifC). If $ G LfifC) then h = {I — pS)~^{^) is a well and uniquely defined element of 
L2(C). Moreover, ||h||i 2 (c) < Co||<I>||l 2 (c), i.e. ||(/- pS')"H$)||i 2 (c) < Co||<h||L 2 (c). 


By saying that I — pS is invertible on 



or that 



we mean (by definition) that there is a constant 

has compact support (so $ G L^(C)!, by the remark in Section |2]), then the uniquely 
determined element h = {I — pS)~^{^) G T^(C) satishes: 




We write this as: 



(3.1) 
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Let r be a chord-arc curve analytic at oo, and p\ C —)■ C a bilipschitz mapping with 
p(R) = r. One would like to prove that for p = pp the operator (J — pS) is invertible in 
(^)- before studying the invertibility we need to address the question of the 
boundedness, which is equivalent by Theorem 1 to |/ip/|?/| being a Carleson measure. 
The following lemma due to Semmes ([SI Lemma 4.11]), based on a variant of the 
Ahlfors-Beurling extension, will provide a good candidate for the bilipchitz mapping p. 

Lemma 2. Suppose that r: M —)■ C is a bilipschitz mapping. Then r can he extended to 
a quasiconformal mapping p: C —)■ C which is also bilipschitz, and p = Pp satisfies that 
V = |/ip/|p| dm is a Carleson measure. 

Proof of (1) (2) in Theorem\^ Let T be a chord-arc curve, and r: M —>■ C a bilips¬ 

chitz parametrization of T. Let p be the dilatation coefficient of the bilipschitz mapping p 
given by Lemma |2l Then, by Theorem [1] the operator (J — pS) is bounded on Lfi • 
We will show that it is as well invertible. 

Let $ G (m) compact support, we need to prove that the unique solution h 
to the equation 

{I-pS)h = ^ (3.2) 

verifies that < c||<l)||^ 2 Mmp i.e. estimate fld.ip with c = c(r, ||z^||c)- 

vThT / vThT / 

By the usual density arguments, we can assume that <h G j fl for a 

hxed p > 0 such that 2 < p < 1 -|- ||^|| . In this case (/ — pS)~^ : L^(C) —?• L^(C) [AlSj . 
therefore h G Lp(C), where p > 2. Dehne 

Hiz) = Thiz) = —— [ dmiw) 

TT Jcw- z 

Then H is continuous on C, OH = h and OH = Sh. Thus fl3.2l) reads as 

dH - pdH = $. 

By applying the quasiconformal change of variables u = H o p~^ as in |AISj . we get 
that H = u o p and 

h = dH = {du o p)dp + {du o p)dp 
dH = {du o p)dp + {du o p)dp. 
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Since dp = pdp, we obtain 


$ = dH — pdH = (/ — \p\^){du o p)dp. 


Consequently 


{du o p) dp = 


$ 




Since 


< 1, this implies that 

\\{duo p)dp\\^2(^\ — 

V I2/I / \ \y\ J 


with equivalence constants depending only on 
proved if we can show that 


So, the estimate fl3.ip will be 




\v\ 


IC 


\y\ 


(3.3) 


Letting w = p{z) and v = du, the above expression is equivalent to 


f \y°P 

Ic dist(p-i(w;),]E 


■|S'n(tc)|^ dm{w) < c 




'cdist(p ^w),: 


■dm{w). (3.4) 


This setting is very similar to the one in Theorem [TJ Since p is bilipschitz, 
dist(p“^(ta),M) ~ dist(w,r), and if we dehne p{w) = p o p~^(w), it can be easily 
checked that t{w) = p) represents a Carleson measure with respect to T with 
||r||c — ||i^||c- Thus. Irn is equivalent to the following claim: 

' 2 I dm 


Claim. The operator (fiS) is bounded on Lr (^diit^T) j ^whenever the measure 
= is a Carleson measure with respect to T, i.e. if 

f l/iHP 


T 


then 


lB{xo,r) dist(w,r) 

^ l/iHP 


dm{w) < Cir; V Xq G T, r > 0, 
^ 2 dm{w) 


|^/(w;)| dm{w) < C 2 / \f{w)\^ 


Jcdist{w,T) Jc dist(M;,r) 

for all (compactly supported) functions f with Jifff r) dm{w) < 00 . 
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To prove this claim we will follow precisely the same steps as in the proof of (2) ^ (1) 
in Theorem [1] 


Denote by the two domains bounded by T. In this context, the following lemma 
will be the equivalent of Lemma [U Since it can be proved in a similar way, we will omit 
its proof. 


Lemma 3. The operator K defined by 

/?/(.) = (d.st(^.r))‘/^/ 


m- 


w — z\ 
2 / 


represents a bounded operator from L^(r2_) to 


Assuming that supp(/i) C D’*', we decompose the integral 

2 

dmiyZ) = Ji + J2 + /s 

where A {i = 1,2,3) are the analogous of A {i = 1,2,3) in fl2.2p . using in this case a 
Whitney decomposition of 

To estimate Ji, we apply the following result in [Z]: if D is a chord-arc domain, and 
cr is a Carleson measure with respect to cAl, then for any function in the Hardy space 
F e H2(D) 

[ \F{w)\^da{w)<c{Mc) [ |F(Or|de|. 

Jn Jdn 

The next ingredient we need is a substitute for chord-arc domains of “Green’s for¬ 
mula” |.TK] : 

If D is a chord-arc domain and F G H^(D) then 

[ — [ \F'{w)\‘^ dist {w,T) dm {w). 

Jan Jn 


\\iTS)f\\l 


f 

(dist(™,r)) TT Jq+ dist(2;, T) 


fiw) 


[W 


dm{w] 


By applying these results together with Lemma [3l as in the estimate of Ji in Theo¬ 
rem [H we conclude: 

h< j^\suxa-m?m 


- [ l(>S'(/xo-))'(^)Pdist(^,r)dm(2;) 
Jn+ 


<c\\f\\ 


2 

t2 { • 

\ dist(z,r) / 


16 












with comparison constants depending on T and ||z^||c- 

To estimate I 2 , we just replace in I 2 the conjugate of a point z, i.e. T, by the 
quasiconformal reflection r: —)■ hi”, defined by r{z) = p{p~^{z)). Then \z — r{z)\ ~ 

dist( 2 ;, T) and the desired result holds for I 2 . 

Similarly, to estimate Is we proceed as in I 3 using in this case the Whitney decom¬ 
position of hi’*', and the fact that S' is a bounded operator on L^(C). 

This concludes the proof of (1) (2) in Theorem [2l □ 


4 Invertibility implies chord-arc condition 


In this section we will prove the remaining implication in Theorem |2j That is: 

Let p G L°°(C) be compactly supported with \\p\\oo < 1, P = P^i the associated quasi¬ 
conformal mapping and T = p^(R). If |/ip/||/| is a Carleson measure and the operator 
(/ — pS): LF' j t invertible, then T is a chord-arc curve. 

By the results mentioned in the introduction, in particular Theorem B, we know that 
if |/ip/||/| is a Carleson measure then T is a BJ quasicircle. We will use the estimates 
on the invertibility of the operator (/ — pS) given by fld.ip . i.e. 






dm 

M 


to show that T is also rectihable and in fact chord-arc. 


Firstly, we state the following lemma that we will be applied in the next result. It 
is a simple corollary of Fubini’s theorem, so we omit the proof. 


Lemma 4. Assume g has compact support with g G L^(C) for some p > 2. Let 

H{z) = Tg{z) = -- f ^^dm{w) 

71 J<cw - z 

and suppose h G L^(M) has compact support in M. Then 


H{x)h{x) dx = 2i / g{z)Ch{z) dm{z). 

Jc 


(4.1) 
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Here note that H is continuous and OH = g. 

The next result, that will be needed later, gives a sufficient condition for a quasicircle 
to be rectihable. 

Theorem 3. Let p: C —)■ C 6e a quasiconformal mapping, analytic at oo, such that 
fc ^ r = p(R) is locally rectifiable and p'|r G 

Proof. Normalize p so that p{z) = z + 0{l/z). To prove the theorem it is enough to 
show that the difference quotients ^{p{x + h) —p(x)) are uniformly bounded in (see 
for example Sect. 7.11 in |GTj ). For that, we will use a duality argument. So, let g be 
a test function in L^(R) with ||p||l 2 (r) = 1. Since T{dp){z) = p{z) — z, by lemma 4 


— 1 ) g{x) dx = 


p{x + h) — p[x) 
h 


= [ dm 


dp{z + h) — dp{z) 


Cg{z) dm 


h 


< 




1/2 


\y\ 




'C 


\y\ 


Cg{Z -h)- Cg{z) 


h 


\ 1/2 


dm 




The hrst term is hnite by hypothesis. To bound the second one note that 

1 1 


c,{z - h) - c,(z) 1 r 

h h Jib 


1 


X — z + h X — z 


dx 


= I gix){\.og \x — z + hf — log |x — zp) dx 


= --rdz / g{x)\og 

^ ./n? 


\x — z + h\ 


\x — z 


dx. 


So, by Green’s formula 


\y\ 


Cg{Z -h)- Cg{z) 


h 


dm = 



2 \x-y + h\ 
g[X) — log-;-;- dx 


h 


\x-y\ 


dy 


= \\Kh*g\\l2 


where Kh{x) = and K{x) = 2 log 


l+X I 
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By Plancherel’s formula and the properties of the Fourier transform 

11 * ^7112 ^ II ||oo||^7||2 II Kh 11 QQ 

Since Kh{C) = K{h^), we obtain the uniform bound if ||iF||oo < cx3. An easy computation 
shows that K(^) = c where c is a complex constant, therefore K G Loo(M.). 

□ 

We shall describe now some of the ideas developed by Semmes in [S] to prove Theo¬ 
rem and the boundedness of the Cauchy integral on chord-arc curves with small 
constant. They will play a fundamental role in the rest of this section. 

Recall from Section [1] that if F = Crf, is the Cauchy integral of a function /, then 
the expression ^F' is well dehned a.a. 2 ; G C\r and it does not contain any distributional 
terms. Besides the jump of F across T is exactly /. 

The approach in [S] was to think of the Cauchy integral on T as a solution to a 
(9-problem relative to T and then, by a change of variables, reduce it to a (9 — ^d) 
problem relative to M. 

More precisely, let be a function dehned on T and let G = C^g- So G represents a 
holomorphic function on C \ T with jump g on T. Suppose that p is a quasiconformal 
mapping with p(M) = T, then f = g o p is now a function dehned on M. Furthermore 
F{z) = G o p satishes that dF — pdF = 0 on C \ M and that its jump on M is /. 

Consider now the function H = F — Gf dehned on C \ R. Since C/ is holomorphic 
oh R and its on jump on R is / as well, the function H has no jump across R, and 
satishes the equation 

dH - pdH = pGf. 

Because H has no distributional terms, one can think of this equation as holding on C 
when integrated in the sense of distributions. 

The problem of studying the boundedness of the Cauchy integral on F can be trans- 
fered in this way into a problem on the boundary values of F on R, or equivalently 
on hnding estimates on the boundary values of H = {d — pd)~^{pGj) for appropriate 
dilatations p. As we will show next, this problem is closely related to the invertibility 
of the operator (/ — pS) on • 
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Proposition 1. Let fi G L°°(C), ||/i||oo < 1? and v = |/ip/|?/| dm a Carleson measure. 

—)■ invertible then the following holds: 

If f ^ L^(M) and H G satisfies: 

dH-fidH = fiCf a.a.zeC (4.2) 

then the boundary values belong to L^(M) and ||if|jjj ||2 < c ||/||2 for some constant 
c > 0. 


If the operator (/ — /iS'): j 


Proof. By standard density argnments, we can assnme that the fnnction / in fl4.2p 
belongs to the the following family of fnnctions in L^(M) 

= {/ G h^(M); C'f G L^°(C) for some 2 < po < 1 + — n— 

llhiloo 

where Cj(z) denotes the derivative of the holomorphic fnnction Cf{z) dehned off M, 
with no distribntional term involved. 

We know that (/ — iaS)~^: Lp{C) Lp{C) when 2 < p < 1 + |AISj . Therefore, 
if / G then dH = (/ — iiS)~^{pbCf) G L^°(C). Note also that, since C'j G Lp°{C) 


fi{I - = (/ - frSy^fiC'f = dH. (4.3) 

In particular, dH has compact snpport since p does. 

To estimate the norm of the bonndary valnes of the fnnction H we nse a dnality 
argnment, that is 

; h G T^(M); ||h ||2 = 1 and h has compact snpport 


\H\ 


\ 2 = snp 


H{x)h{x) dx 



Hence, by Lemma S] and fl4.3p . we get 


H{x)h{x) dx = 2i 


dH{z)Ch{z) dm{z) 


= 2i [{I — yiS) ^{piC'f)[z)Ch{z) dm{z) 

Jc 

= 2i [ fi{z){I - Sfi)~^{Cf){z)Ch{z)dm{z) 

Jc 

= 2i [ Cf{z){I - p.S)~^{fiCh){z)dm{z). 

Jc 
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Since is a Carleson measure, and the Cauchy integral is bounded on 

[ \Ch{z)\‘^ dm{z) <c [ \Ch{x)\‘^dx < c ||h||^ 2 (R) = c < oo 

Jc \y\ Jr 

that is, /iCft G with norm depending on ||i^||c- 

Applying the Cauchy-Schwarz inequality and the assumption on the invertibility of the 
operator (/ — fiS) on f ^ j, we obtain 


H {x)h{x) dx 


< 

r\j 


< 


\C',{z)\^\y\dm{z)^ |(/ f.S)-\f.C,){zr 

(i: 1^1 dm{z^ 


<\\Cf{x)h<\\fh. 

with comparison constants depending on ||i^||c and on the norm of the operator 


The last two inequalities follow from Green’s formula and the boundedness of the Cauchy 
integral on L^(R), ending the proof of Proposition [U □ 


We are ready now to present the proof of the remaining implication in Theorem 2. 


Proof of (2) (1) in Theorem O Recall from Section 1 that if p is the solution to the 

Beltrami equation dp — pdp = 0, then 

dp={I-pS)-\p). 


Since p has compact support and |/ip/||/| is a Carleson measure, the function p 
belongs to the space L^(^). The assumption on the invertibility of the operator (I—pS) 

on yields that dp G L^(^). Therefore, by Theorem 3, we know that the 

quasicircle T = p(M) is rectihable. 

To show that T is chord-arc, we will apply Proposition [TJ The argument that follows 
is exactly the same as the one given by Semmes in [S]. For the sake of completeness, let 
us recall the main points in his proof. 
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Because T = p(M) is rectifiable, p'{y) exists a.a. p G M and dp{y) = p'{y) dy. The 
L^-estimate on given by Proposition 1, and the boundedness of Cj on L^(R) imply 
that 

Kf{x) = P.V. [ p'{y) dy, x eR, 

Jr p{y) - p{x) 

dehnes a bounded operator on We use this fact to get estimates on \p'\. 

Fix an interval I = {a,b) on M and set / = p'X[. Then evaluate Kf on an inter¬ 
val J = {a', b') far away from / so that pipy) — p{x) is roughly constant if y E J and 
X E I, but not two far away so that \p{y) — p{x)\ is not two small. This can be done 
because p is quasiconformah Using ||i ^/||2 < c ||/||2 we will get estimates on p'. 

More precisely, £x / = {a,b). Then, by the distortion theorem for quasiconformal 
mappings, there are constants Ci,C 2 > 0, depending only on ||/i||oo and an interval J, 
such that: 


(a) ^|J|<|/|<Ci|J|. 

(b) ^|/| < dist(J, J) < C 2 \I\. 

(c) e*" — ^ for some a G M. 

V / \p(y)-p(x)\ — 10 

Denote by c any constant depending on ||p||oo, ||h||c and on the norm of (/ — pS)~^ 
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Define / G L‘^{R) by / = p'X(^a,b)- Then 


jy{x)\^dx > c\\Kf\\ 


2 

2 



2 


> C 


> c 



a — 6| 




2 


|p(a)-p(6)|^ 


The third ineqnality is a conseqnence of (c). For the last one we have applied once 
more the qnasiconformal distortion theorem: since dist(/, J) ~ |/| ~ \J\, we dednce 
that dist(p(/), p(J)) ~ diam(p(/)). Thns, 



Therefore, by the Canchy-Schwarz ineqnality we get 



for any interval / C M, which is precisely the chord-arc condition on the curve T. 


□ 


5 Applications and remarks 

The results we have presented characterize the geometry of the curve and not its 
parametrization, in fact there are many parametrizations of chord-arc curves which 
are not bilipschitz. On the other hand, the proof of (1) (2) in Theorem [2] showed 

that if p is bilipschitz and |/ipP/|p| is a Carleson measure then the operator (/ — PpS) 
is invertible in • The next result shows that the converse does not hold. 

Proposition 2. There exists a quasiconformal mapping p which is not bilipschitz, and 
p = Pp satisfies that |/ip/|p| is a Carleson measure and the operator (I—pS) is invertible 
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Proof. Consider the following function /: M —)■ R 


/(^) 


X > 0 

— (— x)^/^ X < 0 


1<K <2. 


Clearly / is not bilipschitz, but we will show that it exists p, a quasiconformal extension 
of /, verifying the required properties, that is if /i = Pp 


(i) |pp/||/| is a Carleson measure. 

(ii) (/ - pS) is invertible in 


To describe such an extension we define the sets: Eq = {z E C; |argz| < vr/4} and 
El = —Eq. Set 

zEEo 

zeEi 

and extend p to C so that for all z G C, \p{z)\ = \z\^/^ and, the argument of p{z)., 
arg p{z) is a piecewise linear function. Then p{z) : C —)■ C represents a homeomorphic 
extension of /, i.e. p|jg = /, which is not bilipschitz. 

Moreover p = pp is supported on the set C\ {EqUEi) and, as a small calculation shows, 
\p{z)\ = c{K)xc\iEouEi), \c{K)\ < 1, where c{K) is a constant only depending on K. 
Therefore p is quasiconformal and 


\y\ 


dm ~ -r-rXcxCEouEi) dm 


which is a Carleson measure w.r. to R. 

It remains to prove that (/ — pS) is invertible in ^ j, i.e. fl3.ip . For that, set 


{I-pS)h = $ 


and proceed as in the proof of (1) ^ (2) in Theorem [2] in Section |3l Recall that 
the key there was to perform a change of variables of the form u = H o p~^ where 
H{z) = — y /j. dm{w). Then, invertibility is proved if we can show fl3.3p . that is: 


\du o pp 


|pp|clpp dm < c 


l^popp 

\y\ 


\dp\^ dm. 
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In our case, the integral on the left is comparable to: 


'C\(£:oUEi) 




\du{z)\ 


2 dm{z) 


/C\$(EoU£i) P 

^ 2 dm{z) 


K 


(5.1) 




IK ■ 


JC FI 

Since ||5'||i2(c)->.L2(c) = 1 and is an 742-weight for 1 < < 2, we deduce that fl5.ll) 

is bounded by 


,dm{z 


c{K) I \du{z)\'^^^ = c{K) I \duop\^\dp\^ 


dm{z) 


\K 


< 

rsj 


\du o pfl^pl 


210 I2dm{z) 


\y\ ’ 


as we needed to show. 


□ 


We end this section by recovering the theorem on the boundedness of the Cauchy 
integral on chord-arc curves m- We follow the ideas in where the result is proved in 
the small constant case. Let us recall the precise statement 

Corollary 3. IfT is a chord-arc curve, the Cauchy integral onT is a hounded operator 

m L2(r). 

Proof. Let L be a chord-arc curve, and p the quasiconformal mapping associated to L 
in Theorem [21 which in fact, it is the one given by Lemma [2l Therefore, p is bilipschitz 
and (J — PpS) is invertible in L^(^). 

Given g G L^(r), let G{z) = Cr((y'). Since bilipschitz mappings preserve L^, the 
pullback function f = g o p belongs to L^(M). As it was explained in Section 01 if 
F{z) = G o p, the function H = F — Gf satisfies 

dH - pdH = pG'f. 

By Proposition in the boundary values G L^(M) with ||iL||i 2 (R) < c||/|| 2 . Thus, 

since C/ is bounded on L^(M) 

||-F±|r||l2(r) < c||/||l2(r). 

Again, since p is bilipschitz, we obtain that 

||G'±||L2(r) < c||5f||L2(r) 

as we wanted to prove. □ 
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